The Gerasimov-Drell-Hearn and Baldin-Lapidus sum rules are evaluated in a relativistic, unitary, crossing symmetric and gauge-invariant model for photon-induced reactions on the nucleon. The property of analyticity is partially incorporated through a dressing procedure for propagators and vertices. The sum α + β of the electric and magnetic polarisabilities and the forward spin polarisability γ 0 are calculated in two alternative ways -from the sum rules and from the low-energy expansion of the real Compton scattering amplitude -within the same framework. The two methods yield compatible values for α + β but differ for γ 0 . We suggest that dressing the ∆ resonance beyond a one-loop approximation is important to achieve consistency between the sum-rule and low-energy calculations of the spin polarisability.
I. INTRODUCTION
The interest in the low-energy photon-nucleon interaction has been renewed in recent years. A number of experiments were carried out [1, 2] to study real Compton scattering at low energies -where the amplitude is parametrised by nucleon polarisabilities -and up to the second resonance region. Recent combined measurements [3] of Compton scattering and pion photoproduction on the proton have yielded the following values for the electric, magnetic and forward spin polarisabilities (denoted as α, β and γ 0 , respectively) 1 : α + β = (13.25 ± 0.86) [stat+syst] , α − β = (10.39 ± 1.77) [stat+syst] , γ 0 = (−1.55 ± 0.15) [stat+syst] . First measurements of the total photoabsorption cross section for polarised photons and protons have been presented in Ref. [4] , covering photon energies from 200 to 800 MeV. The forward spin polarisability extracted from these data is γ 0 = (−1.87 ± 0.18) [stat+syst] . The following values of the proton polarisabilities were obtained from a global data analysis in Ref. [2] : α = (12.1 ± 1.3)[stat+syst], β = (2.1 ∓ 1.3) [stat+syst] . Dispersion theory (see, e.g., [5] and references therein) has been successfully utilised to extract nucleon polarisabilities from data with a minimum of model assumptions. We quote results of two recent dispersion calculations: α = 11.9, β = 1.9 (Ref. [6] ), γ 0 = −0.8 (Ref. [7] ).
Nucleon polarisabilities have been calculated in various dynamical frameworks [8] [9] [10] [11] 13, 14] from a low-energy expansion of the Compton scattering amplitude. Thus, next-to-leading order calculations in the chiral perturbation theory yielded for the scalar polarisabilities [8] α = 10.5 ± 2.0, β = 3.5 ∓ 3.6, and for the forward spin polarisability γ 0 = −3.9 from [9] , γ 0 = −3.8 from [10] , and γ 0 = −1 from [11] (see also [12] for a comparison of these calculations). The calculation within the chiral "small scale expansion" approach [13] predicted α = 16.4, β = 9.1 and γ 0 = 2. The scalar and forward spin polarisabilities calculated in the "dressed K-matrix" model [14] [15] [16] are α = 12.1, β = 2.4 and γ 0 = 2.4 (these results will be further discussed in the present paper).
General relations between polarisabilities and total photoabsorption cross sections are provided by the Baldin-Lapidus [17] , Gerasimov-Drell-Hearn [18] and other similar sum rules, which have been evaluated in several meson-exchange models [19, 20] .
The low-energy expansion and the sum rules represent two alternative ways of calculating nucleon polarisabilities. This paper is the first attempt to compare these two methods in the same dynamical framework. We use the dressed K-matrix model, which is a relativistic, unitary, crossing symmetric and gauge-invariant approach in which certain analyticity (or causality) constraints are incorporated through a dressing procedure for propagators and vertices (the formalism of the model is expounded in [15, 16] ). The model performs well at both intermediate and low energies for pion-nucleon scattering, pion photoproduction and Compton scattering (the main results are presented in Ref. [14] ). The treatment of unitarity is exact at two-body level, explicitly taking into account the lowest pion-nucleon threshold, with the contributions of higher thresholds included only effectively through the use of the most important baryon and meson resonances. Analyticity is incorporated in the model at the level of the dressed propagators and 3-point vertices due to the use of dispersion relations in the dressing procedure. The extent of violation of analyticity is interpreted in terms of loop diagrams which should dress 4-and higher-point vertices but which are truncated to keep the dressing procedure feasible. It should be emphasised that the dynamical model used in this calculation and the sum rules are based on the same general principles: unitarity, crossing and CPT symmetry, gauge invariance and causality, with the model approximations mentioned above regarding unitarity and analyticity.
We consider two particular combinations of the polarisabilities which can be extracted from the low-energy expansion of the forward scattering Compton amplitude, on the one hand, and calculated from sum rules, on the other. These are the sum α + β of the electric and magnetic scalar polarisabilities, which is the second-order coefficient in the expansion of the spin-independent part of the amplitude, and the forward spin polarisability γ 0 , which is the third-order coefficient in the expansion of the spin-dependent part of the amplitude. The purpose of this work is to focus attention on the consistency between the polarisabilities extracted from the low-energy expansion of the amplitude and those obtained from the sum rules. We show explicitly the effects of certain model assumptions on the matching of the two methods. In our model the Baldin-Lapidus sum rule appears not converged by an energy of 1 GeV (which we consider an upper limit for the validity of the model), but at this energy the sum rule is compatible with the low-energy polarisability. A similar observation holds for the Gerasimov-Drell-Hearn sum rule; its value at ≈ 1 GeV is consistent with the proton anomalous magnetic moment. Although the sum rule for the spin polarisability converges well, its value differs from the low-energy result. This discrepancy can be understood on the basis of model approximations in the treatment of the self-energy and vertex corrections of the ∆ resonance.
II. POLARISABILITIES FROM THE FORWARD COMPTON AMPLITUDE AT LOW ENERGIES
The low-energy expansion of the scattering amplitude for forward Compton scattering can be written as
where ω is the photon energy, − → ǫ and − → ǫ ′ are the polarisation vectors of the initial and final photons, respectively, − → σ is the spin vector of the nucleon, m N , e and κ are the nucleon mass, charge and anomalous magnetic moment, respectively. The leading terms in the spin-independent and spin-dependent parts of the amplitude are obtained in the Born approximation and expressed via static properties of the nucleon -its mass, charge and anomalous magnetic moment, which is the contents of the low-energy theorem [21] . The subleading terms are determined by the sum of the electric and magnetic polarisabilities α + β for the spin-independent amplitude, and by the forward spin polarisability γ 0 for the spin-dependent part.
In the partial-wave basis, the polarisability α is determined by the electric transition amplitudes, independently of the nucleon spin orientation [6] ,
where the superscript NB labels the non-Born part of the amplitude, and the limit ω → 0 is understood (the equality is approximate since only dipole-dipole partial waves are retained). The polarisability β is related to the magnetic transitions,
The forward spin polarisability is determined by the spin dependence of the dipole-dipole transitions E1 → E1 and M1 → M1, and by the dipole-quadrupole transitions M1 → E2 and E1 → M2,
The detailed results of the low-energy calculation were presented in Ref. [14] , including the full set of parameters used. The general low-energy expansion of the Compton amplitude [6] is parametrised by two scalar polarisabilities α and β, and four vector (spin) polarisabilities (with γ 0 being a linear combination of the latter). Since in this paper we are interested in a comparison with sum rules, we consider the forward scattering amplitude, and hence α + β and γ 0 only. The values of polarisabilities calculated from the low-energy expansion of the Compton amplitude are given in the columns labelled "low energy" in Table I . How the polarisabilities are affected by increasing the "amount of dressing" is best explained in terms of the kernel of the calculation, the K-matrix. The bare calculation corresponds to a K-matrix being the sum of the tree-level s-and u-channel diagrams in which bare vertices and free propagators are used. This approximation is used in traditional K-matrix models [22] . Only the pole parts of the loop integrals (and no principal-value parts) are included in the T-matrix by iterating the K-matrix, and therefore one expects that the violation of analyticity is maximal in this calculation. The second row in Table I is a calculation in which analyticity is partially restored. Namely, the K-matrix is now constructed out of dressed propagators and 3-point vertices. These 2-and 3-point functions are calculated in the dressing procedure and thus incorporate the principal-value parts of a large class of loop diagrams whose pole parts are generated through the iteration of the K-matrix. The T-matrix can now be represented as the sum of s-and u-type diagrams with propagators and vertices dressed by both pole and principal-value parts of the loops integrals. This restoration of analyticity is not complete, however, because the 4-point γγNN contact term is not dressed consistently with the 2-and 3-point functions. Only the longitudinal part of the contact term (with respect to the 4-momenta of the two photons) is uniquely determined from gauge invariance [16] , but the transverse part is essentially arbitrary. The deficiency in the dressing of the 4-point vertex is mitigated in the full calculation, where the transverse part of the γγNN vertex includes a term constructed from dispersion relations. This term effectively takes into account the principal-value part of the one-particle irreducible loop diagram where the two photons couple to the intermediate pion (see Refs. [15, 14] for a detailed description). The corresponding pole part is generated automatically in the K-matrix approach. This particular contribution to the dressed 4-point function is related to the large s-wave pion photoproduction and causes the characteristic cusp structure of the Compton amplitude at the pion threshold [23, 16] , hence the name "cusp" contact vertex which we use for this term.
III. POLARISABILITIES FROM THE SUM RULES
In this section we present our results for the Gerasimov-Drell-Hearn (GDH) and BaldinLapidus (BL) sum rules and the sum rule for the forward spin polarisability. The sum rules relate the low-energy observables to the photoabsorption cross sections σ 1/2 and σ 3/2 corresponding to the total angular momenta 1/2 and 3/2, respectively, and follow from combining the dispersion relations [24] and the low-energy theorem [21] for Compton scattering. The GDH sum rule [18] is the low-energy limit of the dispersion integral for the spin-dependent amplitude. It involves the nucleon anomalous magnetic moment κ,
where
is the pion-production threshold energy and −κ 2 /4 = −0.801 for the proton. Differentiation of the dispersion integral for the spin-dependent amplitude and subsequent low-energy limit yield the sum rule for the forward spin polarisability
The low-energy limit of the dispersion integral for the spin-independent amplitude leads to the BL sum rule [17]
Strictly speaking, the integration in the sum rules starts from zero photon energy. However, the contribution from the energies below the pion threshold is due to purely electromagnetic processes and is therefore negligibly small, in spite of the energy-weighting factors. The integrand of the GDH sum rule Eq. (5) is shown in Fig. 1 , where we display the results of the full and bare calculations, as well as the contribution of one-pion-one-nucleon intermediate states to the full calculation. For comparison, the result of the unitary isobar model [19] and the data from the recent measurements [4] are also shown. While in good overall agreement with experiment, our results deviate from the data for photon energies above 700 MeV. The GDH and BL integrals are shown as functions of the upper limit of integration in Figs. 2 and 3 , respectively. It is evident that convergence is not achieved below 1000 MeV of photon energy 2 . By contrast, the convergence of the spin-polarisability sum rule Eq. (6) is reached by 1000 MeV, as Fig. 4 shows. The polarisabilities α + β and γ 0 obtained from the sum rules are given in the columns labelled "sum rule" in Table I . The values of the polarisabilities are taken at the points where the corresponding sum rules converge, ≈ 1500 MeV for α + β, and ≈ 1000 MeV for γ 0 . We note that the additional dressing of the γγNN contact term has a negligible effect on the sum rules. The difference between the dense-dotted and solid lines in the figures describes the inelastic three-and more-particle contribution to the sum rules. Generally, it becomes significant above 450 MeV and brings the calculation to a better agreement with the data. The exception is the forward spin-polarisability sum rule, the convergence of which is essentially due to the one-pion-one-nucleon channel with the inelastic channels giving a small contribution only above 600 MeV. The fast convergence of the spin-polarisability sum rule, as well as its small sensitivity to inelastic channels, are results of the integrand in Eq. (6) being suppressed at higher energies due to the weighting factor ∼ 1/ω 3 .
IV. DISCUSSION: COMPARING THE LOW-ENERGY AND THE SUM-RULE VALUES OF POLARISABILITIES
Here we compare the polarisabilities obtained from the sum rules with those extracted from the low-energy amplitude. Our model is formulated in terms of the degrees of freedom which are known to be important up to the first and second resonance regions: nucleons, pions and a spectrum of meson and baryon resonances (see Ref. [14] for details of the masses, coupling constants and resonance widths used). Being based on a K-matrix approach, the model satisfies unitarity (below the two-pion production threshold), gauge invariance, crossing and CPT symmetries. The sum rules are also based on the general physical properties of unitarity, analyticity, gauge invariance, crossing and CPT symmetries. Thus, if the calculated T-matrix obeyed the property of analyticity exactly, the polarisabilities extracted from the low-energy expansion would be equal to those obtained from the sum rules. Therefore, one can relate the difference between the sum-rule and low-energy values of the polarisabilities to the extent of analyticity violation in the developed approach. Table I shows that the dressing has a significant influence on the low-energy polarisabilities and a minor effect on the sum rules. For example, the dressing has a 16 % effect on α + β from the low-energy expansion, and a 5 % effect for the sum-rule value. This trend is even more pronounced in the case of the spin polarisability γ 0 , whose values from the low-energy expansion have different signs in the bare and full calculations.
In accordance with the different rows in Table I , we distinguish two main elements in the dressing procedure: (1) the dressing of the propagators and 3-point vertices only, and (2) additional effects of the dressing of 4-point functions included through the cusp contact term. As the "sum-rule" columns in Table I show, only the first element affects the sum-rule values of the polarisabilities. This is because by construction the main effect of the cusp contact term is on the f 1− EE partial wave in the region of the pion-production threshold [23, 16] . The small sensitivity of the polarisabilities calculated using the sum rules to the cusp contact term is due to the fact that the sum rules integrate the contributions of all partial waves, most of which are not affected by the contact term. By contrast, the low-energy values of polarisabilities are very sensitive to the presence of the cusp, as can be seen from the "lowenergy" columns in Table I . The effects of restoration of analyticity on the amplitude are most pronounced at lower energies. At order ∼ ω 2 , i.e. for α + β, the agreement between the low-energy and sum-rule results is improved by the dressing of the 2-and 3-point functions and is further refined by the included contribution of the dressed 4-point function. This indicates that the amplitude in the full calculation is correct (consistent with analyticity constraints) at this order of the low-energy expansion. A problem occurs at third order, i.e. for γ 0 , where the dressing only exacerbates the disagreement between the low-energy and sum-rule values.
In the formulation of the model attention has been mainly focused on the consistent dressing of the nucleon. This is because the supplementary condition of analyticity of the amplitude is most relevant at the lower energies and at the pion threshold, where the contribution of the nucleon is very prominent. Therefore, the disagreement between the sum rules and the low-energy expansion is likely to be related to treating other degrees of freedom not on the same footing with the nucleon. Some possibilities for improvement are extensions of the dressing procedure to include (i) higher resonances (beyond the ∆), (ii) inelastic channels (beyond the one-pion production), (iii) higher loop corrections to the ∆ self-energy. In the remainder of this section these possibilities (somewhat related to each other) will be discussed in some detail, concentrating on the spin polarisability since here the discrepancy is most conspicuous.
(i) In the dressing formalism the resonances beyond the ∆ have not been included, partly for simplicity reasons and partly because one expects the associated violation of analyticity to be small. To investigate this more explicitly, we present also the result of a calculation in which, in addition to the nucleon, the only resonance kept in the K-matrix in the ∆. In this case the low-energy values of polarisabilities are not notably affected, and the sum rule for the spin polarisability is given by the dashed line in Fig. 4 . This clearly shows that the higher resonances are not responsible for the disagreement between the low-energy expansion and the sum rule.
(ii) Inelastic channels beyond one-pion emission are treated only approximately in the dressing as we do not include two-particle irreducible diagrams explicitly. To have some indication of the inelastic effect, we have isolated the one-pion channel contribution to the sum rules, shown by the dense-dotted lines in Figs. 1 through 4. It can be seen from Fig. 4 that the inelastic channels have only minor influence on the spin-polarisability sum rule, which, as pointed out earlier, is consistent with the strong suppression of the integrand in Eq. (6) at higher energies.
(iii) In the present version of the model, the ∆ self-energy is computed in a one-loop approximation only, and dressing of the πN∆ vertex is not considered. Results of the nucleon dressing indicate, however, that the one-loop and multi-loop corrections are of comparable importance for both nucleon self-energy and vertex functions. Thus, it is instructive to investigate the sensitivity of our results to the dressing of the ∆ resonance. To this end we have done an exploratory calculation wherein the ∆ self-energy is modified: the average value of the scalar part of the self-energy below the nucleon mass is increased from ≈ 1.57 GeV to ≈ 1.66 GeV. The resulting polarisabilities are given in Table II . The forward spin polarisability γ 0 extracted from the low-energy expansion is changed from its original value 2.4 to the sum-rule value −0.7. Also, the decrease of the magnetic polarisability β brings the low-energy value of α + β very close to the sum-rule result. Since the ∆ self-energy is altered only at invariant masses far from the resonance mass, the amplitudes of pion and photon scattering on the proton, and hence the sum rules, are essentially unaffected.
V. CONCLUSIONS
The underlying motivation for this work is the problem of understanding nucleon Compton scattering in both low and intermediate energy regions using one dynamical framework. To address this question we invoked the previously developed dressed K-matrix model. In this paper we compared nucleon polarisabilities calculated from the forward Compton scattering at low energies with those obtained from the corresponding sum rules. The physical principle of causality, on which the sum rules are based, is also approximately obeyed in the model. Thus, the comparison of the low-energy and sum-rule results for the polarisabilities allows us to interpret the dynamical contents of the model in terms of restoration of analyticity in successive phases of the dressing procedure.
It is notable that the degree of agreement between the low-energy and sum-rule values of polarisabilities depends on the order in the low-energy expansion. Thus, in the original model, the agreement is good at second order (i.e. for the scalar polarisability α + β) and poor at third order (for the spin polarisability γ 0 ). In the exploratory calculation described at the end of Section IV it was possible to eliminate the disagreement for the γ 0 through a modification of the ∆ self-energy. This suggests that multi-loop corrections may be important in the dressing of the ∆ resonance. (7) for the proton as a function of the upper limit of integration. The explanation of the curves is as in Fig. 1 . The thick dots are obtained by integrating the experimental cross sections from Ref. [4] . (6) for the forward spin polarisability of the proton as a function of the upper limit of integration. The dashed line is the result of the full calculation in which only the ∆ resonance is retained in addition to the nucleon; the other curves are explained in Fig. 1 .
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